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Statistical Analysis of Nonparametric
Transfer Function Estimates

Patrick Guillaume, Member, IEEE, Istvdn Kolldr, and Rik Pintelon

Abstract—The Empirical Transfer Function Estimate (ETFE) is
the ratio of the Fourier transforms of the output and input signals
of a system. It works well when the input signal is deterministic
and exactly known. However, when the input signal is random,
or it can only be observed with an observation error, the quality
of the ETFE deteriorates. Its variance can be infinite even for
large signal-to-noise ratios. This is not well known.

This paper establishes and analyzes a mathematical model of
the ETFE with noisy input signals. It explains the cause of the
large variance and suggests modifications which eliminate the
above problems.

I. INTRODUCTION

STIMATION of the transfer function of a linear time-

invariant system from measurements of its input/output
(I/0) signals is important in a variety of engineering tasks and
scientific investigations. If the /O signals are deterministic
and exactly known, the nonparametric estimate of the transfer
function G = G(w) at the angular frequency w is the ratio of
the output Fourier coefficient V' = V(w) and the input Fourier
coefficient U = U(w),

m@:%%} ()

However, in practice, the input signal is often not known
exactly, because it is measured with a certain observation
noise (see Fig. 1). Therefore, the true 1/0 Fourier coefficients
{U,V'} are not accessible, only {X,Y} which are subject
to some random perturbations {D,F}. The problem can
be formulated using the following errors-in-variables (EV)
model. Given

X=U+D,
Y=V+FE @)

determine the estimate of G = V/U.
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Fig. 1. Errors-in-variables setup.

Many papers have been devoted to the closely related topic
of EV regression analysis [1]-[3]. Depending upon the nature
of the true data U, i.e., whether it is random or deterministic,
(2) is called in statistics a structural relation or a functional
relation, respectively.

The classical approach to estimate the transfer function from
noisy data is based on the so-called spectral estimators. In [5]
alternative estimators based on nonlinear averaging techniques
have been proposed for the functional relationship, providing
smaller bias errors.

This paper investigates the variance of these nonparametric
transfer function estimates. When an estimate depends nonlin-
early on the observations, like the ratio on the denominator, the
exact calculation of the variance can be very complicated, and
approximations have to be used (see for instance [6, p. 151]).
Linearization is often applied in system identification to derive
the approximate bias and variance of an estimate (see e.g., [7,
p. 167], and [8, p. 132]). These approximations are sometimes
very poor. In the present paper we will investigate such cases
and develop some improvements.

To pin-point what can go wrong with such approximations
in a functional relationship (that is, for deterministic U),
consider the empirical transfer function estimator (ETFE) in
its elementary form, i.e., the ratio of two complex random
variables

Y V+E

B=x=v+p ©

By linearizing (3) for |D| < |U| and |E| < {V,

D FE

H~G0—5+V> @
and the variance of H is approximately

2 2
HY ~|G)? Ip 4 Tk
var{ H} ~ |G| (|U|2 + TGk ©)]
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where o2 and o2 are the variances of the /O disturbances.
(For the sake of simplicity D and E are assumed to be uncor-
related.) However, for complex normally distributed Fourier
coefficients [9] we will show that the exact variance (without
linearization) is infinite! Furthermore, for a structural relation-
ship with U itself complex normally distributed, Broersen [10]
reported that the variance of the ETFE (3) is unbounded, even
when the true input U can be observed error-free (i.e., D = 0).

The paper is organized as follows. In Section II the variance
of the ETFE is determined. In Section IIT it is shown that
by excluding a (small) region around the singularity point
(X = 0) it is possible to obtain finite variances for the ETFE
and similar ‘infinite-variance’ estimators. The impact of this
modification on the bias is also examined. The variance of the
logarithm of the ETFE is studied in Section IV. It turns out
that the variance of In(H) is finite, and the variance of the
estimate of G, calculated from an average of In(H) values, is
also finite. In Section V, a general question is addressed: What
are the conditions on the measured data and on the estimator
to obtain finite variances (and higher-order moments)? Finally,
the conclusions are drawn.

{I. THE VARIANCE OF THE ETFE

An approximation of the variance of the ETFE is given
by (5) for a functional relationship. When ¢%, < |U|? and
0% <« |V|?, Monte-Carlo simulations (e.g., with complex
normally distributed I/O noise) seem to confirm the correctness
of (5). However, it is shown in Appendix A for complex
normally distributed errors with 0% > 0 and U # 0 that while
the expected value of the estimate approximately equals the
true value of G [5], the exact variance (without linearization)
is infinite! The cause is that the noise on X can bring
the denominator of (3) close to zero. This rarely happens
for practical values of the input signal-to-noise ratio, which
explains the Monte-Carlo results: the unlikely event usually
does not happen even in a few thousand runs.

Even more surprising results can be obtained for the fol-
lowing nonparametric transfer function estimator,

1
w2

M
H}[sv] =

©6)

[=(1 0

Xm

Sis

3
I

where X,,, and Y,, are given by an EV model

Xm=U+Dp

Vo=V +E } m=1,-, M. @

So, X,, and Y, are repeated observations of the same
Fourier coefficients which are disturbed by additive complex
noise. In practice, this means that a periodic excitation has
to be used with U # 0 (i.e., a persistent excitation). Further,
the excitation and the acquisition have to be synchroninized
(i.e., one has to use the same sampling clock for both the
generator and the acquisition). Furthermore, before starting
the acquisition of the periodic excitation and response signals
one has to wait until the initial transients died out.

If { X, }_, are independent and identically distributed and
have finite mean U, then Xul = 1/M SM_| X,, — U
with probability one. The proof is given in [11], pp. 290-292.
The same theorem can be applied to the numerator of (6).
Moreover, using the property that the almost sure limit of
a continuous function equals the function of the almost sure
limit, one obtains

a.s.lim Yg\&,/” v

Moo — =G. (8)

slim X010 U
gslim Xey

slim A _
splim A

When the data are independent and complex normally
distributed (D,, € N{(0,0%),En € N{(0,0%)) the EV
estimator reduces to a maximum likelihood (ML) estimator
([12], pp. 227-228). The Cramér-Rao lower bound is given
by

2 _@ o
o=\

As the ML estimator is asymptotically efficient, the PDF of
ﬁ}%] converges for M — oo to N{(G,o8g) (ie., conver-
gence in law or in distribution). This limiting distribution has
finite variance U%R. However, the variance is infinite for all
finite values of M, so the variance itself does not converge to
the Cramér-Rao lower bound. This example nicely illustrates
that convergence in distribution does not imply convergence
of the moments [13].

2
n l%%) ©)

III. EXCLUSION OF A SMALL REGION
AROUND THE SINGULARITY X = 0

The cause of the above discussed infinite variance is that the
denominator can be arbitrarily small when the noise is close
to —U. Therefore, it seems to be reasonable to ‘robustify’
the ETFE by excluding a small circle around the singularity
D/U = —1 with radius p. This makes the variance finite, and
causes a negligible bias only when p is small. The bias and
variance of the transfer function estimate are functions of the
radius p:

E{H} = Mi(p),
var{H} = My(p) — |My(p)|*.

(10)
(an

where M; and M, are given in Appendix B. To illustrate
the results, consider a simple case: the ratio 1/(1 + 2) with
z zero-mean complex normally distributed (see Fig. 2). For
small values of the radius p the mean square error (MSE)
is mainly due to the variance while for large values the bias
dominates. A minimum of the MSE is obtained around p ~ 0.5
for reasonable values of the SNR of z. For good signal-to-noise
ratios the increase for small radii cannot be shown in Fig. 2,
therefore it is illustrated in Fig. 3.

The above results show that for a functional relation, by ex-
cluding the measurements where the input Fourier coefficients,
X, are smaller than p|U| with 0 < p < 0.5, it is possible to
obtain estimates with a finite variance. Moreover, this variance,
for large values of the input SNR, corresponds to the one
obtained by means of linearization (5), i.e., var{1/(1+2)} =
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Fig. 2. MSE of 1/1 + z versus the radius of the excluded circle around
z = —1 for different values of the variance of z. The circles indicate the
minimum MSE.
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Fig. 3. MSE of 1/1 + z versus the radius of the excluded circle around
z = —1 for different values of the variance of z.

var{z} (see for instance Fig. 2). Thus, in practice, when taking
the arithmetic mean of the ETFE’s

M

s L Y

Hyrt = 37 > X,
m=1

one needs to estimate U first, in order to be able to choose a
reasonable value of p. Notice that the variance of the arithmetic
mean of the ETFE’s (12) decreases in 1/M. The effect of this
on the optimal radius is illustrated in Fig. 4 for M = 10 and
in Fig. 5 for M = 100. One observes that there is a shift of
the optimal radius to the left due to the decrease in variance.
This shift is not so important for large SNR’s.

When the measurements are synchronized, the sample
mean of the measured input Fourier coefficients, i.e., U =
1/M $¥_ X,,, can be used. Otherwise, when measuring in
free-run (i.e., when no trigger signal is used) one can consider
averaging the absolute values, |X,,|, of the delayed data
records and estimate |U| from these. Then, all input/output
data satisfying |X,,| < p|U]| have to be excluded from the
summation (12) to minimize the MSE. Fortunately, the MSE
is not sensitive to the optimal choice of p|ﬁ|, therefore the
largest value that is guaranteed to be below 0.5|U] can be
selected.

12)

IV. THE VARIANCE OF THE LOGARITHM OF THE ETFE

In Appendix A it is shown that the variance of the ETFE
can be unbounded in the presence of input noise. By excluding
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Fig. 4. MSE of ﬁglg]l versus the radius of the excluded circle around

z = —1 for different values of the variance of z.
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Fig. 5. MSE of fIr[lgl)] versus the radius of the excluded circle around
z = —1 for different values of the variance of z.

a small region around the singularity it is possible to obtain
finite variances. In this section the logarithm of the ETFE
is considered: In(H). From Appendix C it follows that the
variance of In(H) = In|H| + i arg(H) is finite:

1
o Oy (k +1, F)
var{ln(H)} = Z —_W—QH

k=1

13)

where v(a, z) = [ exp(—t)t*~! dt is the incomplete gamma

function ([14], equation 8.350.1), and that

var{ln [H!} ~ var{arg(H)} = 0.5 var{In(H)}. (14)

So, averaging the ETFE’s in a logarithmic scale results in
bounded variances, i.e., var{ln(Y/X)} is finite. In the next
section it will be shown that when at least two logarithmic
values are averaged (M > 2), and the transfer function
estimate is calculated as the exponent of this average,

(] L ZM Y,
M m
HLOG = exp (?\Z In (X—m>>

m=1

(15)

the variance of this estimate is also finite. Therefore, loga-
rithmic averaging (or, in other words, the complex geomet-
ric mean) is preferable for the averaging of nonparametric
transfer function estimates. Moreover, one can wonder if
there are other functions, g(-), such that var{g(Y./Xm)}
(or var{g~1(1/M £¥_, g(Yrn/Xm))}) is finite. The general
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conditions that have to be satisfied to have finite variance are
considered in the following section.

V. GENERAL CONDITIONS FOR FINITE MOMENTS

The nth (absolute) moment (about the origin) of g(Y/X)
is given by

M, = / WY/ X) "oy (X, V) X &2Y (16)

where pxy(X,Y) is the joint probability density function
(PDF) of the measured I/O Fourier coefficients. Transforming
(16) into polar coordinates yields

Mn:/ fn(a,b, o, 8) dadadbdp )]

where f, = |g(e!®~¥b/a)|"pxy (ac’®, be) ab. To have
finite moments M,,, the integrand f,, should satisfy the fol-
lowing conditions:

1) If a; is a singular point of f,, then lim,_,,, (a —as) fn
should equal 0. (ie., f, should go slower to infinity
than 1/a — ay.)

2) As one has to integrate f,, for o going from 0 to oo, f,
should decay faster than 1/a to 0 for M,, to be finite.

Similar conditions should hold for the other arguments too.
Consider, for example, the ETFE. The integrand f,, reduces
to

n+1

fala, b, B) = Zl—,lpxy(aem,beiﬂ). (18)

Notice that ¢ = 0 is a singular point of f,, for n > 2. To
have a finite integral, f, shouldn’t go faster to oo than 1/a
when a — 0, i.e., lim, .0 a f,, should be equal to 0 (condition
1). This is true for n = 1, but not for n = 2,3,---, which
explains why the mean value of the ETFE exists while its
variance and higher-order moments are unbounded. Moreover,
fn has to decay faster than 1/a for a — oo (condition
2). This condition is easily satisfied for complex normally
distributed errors (due to its exponential decay). (Notice that
in the case of real-valued normals even the mean of the ratio
does not exist (see (noncentral) Cauchy distribution, [157).)
Furthermore, one can verify that all moments of In(Y/X) are
finite (e.g., lim, .o a? In"(a) = 0,n = 1,2,---). Finally,
we will show that the variance of (15) is finite for M > 2.
Noticing that AL equals %/Y1/X; -~ Ya;/ X (ie., the
complex geometric mean) the integrand f,, with respect to
X1 = ae® and ¥y = be®?, for instance, becomes

p(n/M)+1 . )
fulab, o, B) = Wj_—lpxlh(“emvbel )- (19)
One notices that for n = 1,---,2M — 1 the nth order
moment of H£Aé](; is finite (condition 1 is satisfied), while
for n > 2M the moments M,, do not exist. Thus, the variance

of Flgg]c exists when M > 2.
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Fig. 7. Sample variance of the ETFE. Solid line: all ETFE with | X | smaller
than the radius p are set equal to 0; dashed line: all ETFE with |X| smaller
than the radius p are excluded from the summation.

VI. SIMULATION RESULTS

In this section the theoretical results are verified by means
of Monte-Carlo simulations. In Fig. 6 M = 5000 realizations
of the ETFE obtained for U = V = 1 and var{D} =
var{E} = 0.25 are depicted. A few obviously large peaks
can be observed. These correspond to the cases when the
denominator is very small. The sample variance for different
values of the radius p are given in Fig. 7. In this case, the
linearized variance equals 0.5 (—3 dB). For a radius of 0.1 one
can show that the theoretical variance equals 0.891 (—0.5dB)
which is in good agreement with the simulation results. For
p = 0, the sample variance increases without a bound.

Similar figures were plotted to check the logarithmic aver-
age. From Fig. 8 it is clear that the isolated large peaks have
disappeared, so we may indeed have a population that has
finite variance. The sample variance shown in Fig. 9 indeed
seems to converge.

VII. CONCLUSIONS

It was shown that the variance of the ETFE is infinite for
noisy input observations, even if the input noise is relatively
small. This is not a well-known phenomenon. Two remedies
were suggested and investigated: exclusion of a small region
around the singularity of the ratio, and using logarithmic
averaging (the complex geometric mean of the individual
estimates). Both methods work well. This was theoretically
proved, and illustrated by simulations.
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Fig. 8. 5000 realizations of In(ETFE) using the same data as in Fig. 6.
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Fig. 9. Sample variance of In(ETFE).

APPENDIX A
THE VARIANCE OF THE ETFE

In this appendix it will be shown that the variance of the
ETFE is unbounded for a functional relationship with com-
plex normally distributed I/O disturbances. Assuming the I/O
disturbances to be independent, the joint probability density
function (PDF) of the disturbances becomes

ppe(D,E) =pp(D)pe(E) (20
Notice that the ETFE can be rewritten as
A+ E/V O 14c
H_G1+D/U_ 1+6 @D
and that
var{H} = E{|H|*} — |E{H}|? (22)

As E{H?} is finite (see [5]), it remains to be shown that
E{|H|?} is infinite. To do so, the expected value of |1/(1+6)/”

will be considered first, ie.,

1 |2 1 [2e—(817/o2)
Is =& | —— = | 2 2
8 {1+6 } Jo |1+6 T2 6 (23

where d26 = dRe(§) dlm(6). Transforming (23) to polar
coordinates (i.e., Re(é) = acoso,Im(6) = asina) yields
(see [14], equation 3.792.1 on p. 435)

/ / e=%"/%% a da da
71'0'5

1+2acosa+ a2
_ / e’ /7% sada
‘75 0

= a2| (24)

_1/0-52 1 d
> / ® = too 25)
1=pay

e 1—u

Since |E{H}|? in (22) is finite, one concludes that the
variance of the ETFE is infinite for deterministic U in the
presence of complex normally distributed input disturbances.

APPENDIX B
EXCLUSION OF THE SIMGULARITY

In this appendix a small circle around the singularity point
X = 0 will be excluded. This means that when an input
Fourier coefficient is smaller than say p, the ETFE is set equal
to zero (instead of its large value). In order to assess the effect
of this operation on the bias and the variance of the ETFE, the
following integrals (with respect to X') have to be evaluated:

oo +7
1 .
MlX(P)Z/ / — px(ae**)adada  (26)
o o aet
loe) +7 1 )
=/ / agpx(aem)adada 27
I3 -7
where
(e =1 /a?)
px(aela) = .——-—2——_——-_
'/TO'(S
_ e—(l/a§)62a cos a/a?e—(az/ag) 28)

2
xors

and ae*® is the polar coordinates representation of £ = X/U =
1+ D/U. From ([14], equations 3.915.2 and 3.915.4) one

deduces that
+
[

+7
/ et % cosada = 2wl (1),

w

et e doy = 2w In( ), 29)

(30

where I; stands for the ith order Bessel function. Conse-
quently, after integration over ¢, one obtains

2e=(1/oD) o (9 ,
M (p) = = / Il(i;)e—@’/ai’)da 31)
% P Os
2e=(1/05) oo 2a\ e=(a*/9%)
ME(p) =" — | S ) ——da (32
2(:0) ag L 0<o_g) a a ( )

Hence, assuming the input/output Fourier coefficients to be
uncorrelated, the mean value and the 2nd order (absolute)
moment are given by

M (p) = GM{* (p) MY (p) (33)
Ma(p) =|G* M5 (p) M5 (p) (34)
where
9e—(1/02) 2b 2
MY (p) = e—g—/ 11<7>e*<b IRy (35)
€ P €
26_(1/63) 0 2b 2/ 2
sz(p)=—g2 / Io(;)@‘(“ 1752 db  (36)
€ I €
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APPENDIX C
THE VARIANCE OF THE LOGARITHM OF THE ETFE

In this appendix it will be shown that the variance of the
complex logarithm of the ETFE is bounded for a functional re-
lationship with complex normally distributed I/O disturbances.
Notice that the logarithm of the ETFE can be rewritten as (see
21

InH =G +1n(1+¢€) —In(1 +§). 37)
Consider the second moment of In(1 + §), i.e
\51 )

£{|In(1+ 8} = / In(1 4625 % (39

where d?6 = d Re(6) d Im(§). Noticing that In(z) =
In |z| + i arg(z) leads to £{|In(1 + 6)|?} = I + IZ, with

e (817 /cr?)
If = / In? |1 4 6| ———5— d*6 (39)
—(16| /%)
Iy = / arg?(1 + 6)6——«—2—6 d?s. (40)
c mos
Transforming (39) to polar coordinates yields
e—(a®/a3)
I§ = / / ——— adado 41)
71'0'6

where R = 1 + 2acosa + a?. To evaluate the integral with
respect to o the Parseval relation will be used:

Ty C3 = 2 2
/_W z(a)da=7+; C? + S} (42)
where
1 +7
Cr = 7= z(a) cos(ka) do (43)
1 [t
Sk = (o) sin(ka) da. 44)
VT s
Applying (42) for z(a) = In(R) yields
_ if o] < 1
Co = { 4y/7 lna, if |a| > 1. “43)
1)kt+i2 if o] < 1
= f lal < (46)
oy — k —, iffa[>1
Sk =0 7

Consequently, (39) can be written as I = A§ + Bg + C§
where (see [14], equations 4.225.4 and 4.397.6)

1 &1t 5
Al = 272} : ﬁ / uke (/%) dy, (48)
3 k=1 o
1 [ >
B? = 1 2 —(u/of) d 4
g —*403/1 n“(u)e u (49)
1 < 1 /> 1 5
_ 1 S L —(u/ed)
ce = 507 § = /1 i 8) du. (50)

The main contribution to I§ is given by A§ which reduces to

1
Ap=d 2 T8

2k2 Gb

k=1

where ~(a, ) Jo exp(—t)t>~1dt is the incomplete
gamma function ([14], equation 8 350.1). Before evaluating
the remaining terms (i.e., By and C§) the integral Ig (see
(40)) will be considered. The main contribution of (40) (i.e.,
the integral for a going from 0 to 1) can be formulated as

+ T /05)
Ag _/ / arctan®(S) ——— adada (52)

where S = asina/(1 + acosa). Applying once again (42)
but this time for z(a) = arctan(S) yields (see [14], equation
4.575.1)

Co =0 (53)

Cr =0 (54)
k

Si=vr o, il <1. (55)

Consequently, Ag = A%, so that the main contributions to
I¢ and Ig are equal. Noticing that In*(u) < u? and 1/u? < 1
for u > 1, the following upper bounds can be derived for (49)

and (50)
Ao (3)

B(l
5 < 1 (56)

Ce < e~/ (57)

(X2, 1/k? = 1.644934...). The remaining term of (40),
B¢, (ie., the integral for ¢ going from 1 to co) is bounded
by (arg(1 + 6) < arg(8))

By <302 e~ (/%) (58)
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