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Abstract

Dithering is widely used for decreasing the bias in fixedap@juanti-
zation and rounding. Since floating-point digital signadqessors (DSP’s)
and floating-point arithmetic are becoming widely used; tirmely to inves-
tigate the necessity and possibilities of dithering fortilog:point numbers.
The paper introduces a simple model of dithers for floatiogvp and dis-
cusses its practical use.

Keywords: Dither, quantization, DSP, digital signal preser, floating-
point, roundoff.

1 Introduction

Dithering is maybe the most popular method to decrease igaion distortion. It
is well-known and also often in practice to add dither signaldata before fixed-
point quantization. When the quantizer characteristiaégise, as it is in fixed-
point arithmetic operations in computers and DSP’s, ugualiniform dither in
(—q/2,q/2) or a triangular-shaped one (r-q, ¢) is used.

With the spreading of floating-point DSP’s and IEEE comgatidmmputers,
floating-point number representation is more and more widsekd. Its quanti-
zation error is usually very small, but sometimes it is najliggble. Then, it is
justified to add some dither. Let us assume for example tHeE I§ingle precision
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is used. This means that we hawve- 24 bits for the mantissa, and 8 bits for the
exponent. The mantissa is signed, with suppressed leadjrdi is, usual num-
bers are normalized to have a leading bit equal to one, and #irfs is usually so,
this bit is not stored. Therefore, the maximum relative dization error is about
2723 /2 for the smallest mantissas, and ab®ut® for the largest ones. The latter
number equals abowt19-10~7. This is still a small number, but when in the cal-
culations the difference of numbers close to each othetésizaed (cancellation),
the relative error of the result can increase significantly.
Here two questions arise:

1. What are the properties of the proper dither for floating?

2. How can we apply the dither before arithmetic operatioitsaut immedi-
ately eliminating it during arithmetic addition of the nuertand the dither?

This paper explains the problem, and discusses the folpamswers.

e The dither for floating-point numbers is preferably a unifasr a triangular-
shaped one FOR THE MANTISSA, with the same exponent as ofuhe n
bers. Some correction can be introduced to cope which thegag expo-
nent.

e For proper dithering, we need more bits than the floatingHpaiithmetic
usually provides. Therefore, we need one of the followingrsd solutions:

— special software solution to virtually increase the bigtm

— utilization of the extended precision of the accumulatar i$ such a
one

— modification of the existing hardware.

The paper discusses how these principles are applied, akeksrsaggestions for
future hardware design.

2 Basic Properties of Dithering

Dithering can be discussed in analogy to anti-aliasing mmang. When a signal
does not meet the conditions of the sampling theorem, itaamm sampled in an
error-free manner. In such cases we apphaati-aliasfilter which restricts the
bandwidth of the signal to the appropriate band. The filtsigdal is then perfect
for sampling theory.

In quantizationpbandwidthis measured in the characteristic function (CF) do-
main. For proper quantization, the bandwidth of the charastic function must
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Figure 1: Sampling and quantization: (a) sampling; (b) gaation.
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Figure 2: Noise model of dither: (a) adding a dither to theuirgignal; (b) repre-
senting a dithered quantizer via the noise model.

be limited. For this, we need to introduce an operation wingdtricts the width
of the characteristic function before quantization. SitileeCF’s of independent
input signals multiply, the best way is to add imdependent signab the input
one in order to meet conditions of the quantizing theoreras (8g. 1). Such an
additional input signal is calledither.

In special cases, as e.g. for floating-point quantizatiomady even depend
on the input signal, but in most situatiodss generated to be independent of the
input signalz. Whenever a signal is properly band-limited, it can be prtifaep-
resented by its samples. When a proper dither signal isehhe quantization
theorem is satisfied at the quantizer input, that is, theenmisdel can be applied
(Fig. 2, see [19]), and the moments of the input signat d can be perfectly
expressed by moments of the output signal, via Sheppard’satmns. It is also
possible that for some dither types, only a few selected [&relpcorrections can
be applied, like the first one for uniform dither betweery/2, ¢/2).
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Figure 3: Input-output staircase function for a floatingapguantizer with a 3-bit
mantissa.

3 Relations of Fixed-Point and Floating-Point Quan-
tization

In order to understand how these two quantizers are reltieds briefly discuss
a model which establishes their relationship.

An example for floating-point quantization is shown in Fig. 3

The quantum size increases gradually with increasing kagnglitudes. There-
fore, uniform quantization theory cannot be directly apgli A possibility to es-
tablish a relationship with uniform quantization is to ulse $o-called compandor
concept as in [19]: floating-point quantization is transfed to a fixed-point one
by means of a compressor before, and an expandor after agfoiatiquantizer
(Fig. 4b). Both nonlinear elements are stepwise linearsgeb), approximating
a logarithmic and an exponential characteristics, respygt

By this, we have transformed the gquantization operaticglfite a uniform
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Figure 4. A model of a floating-point quantizer: (a) blockgliam; (b) definition
of quantization noises.
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Figure 5: The compressor’s input-output characteristic

one: therefore, we can try to apply a certain dither to thedbn quantizer”, in
order to diminish or eliminate quantization bias. Sincedbmpressor essentially
removes the exponent from the input, we can say that in tmsegat, we apply a
dither signal to thenantissa or significand of the input

While this concept seems to be very logical, there is one fldwre is no de-
viation from the uniform case as long as we operate on lineeians of both the
compressor and the expandor. However, nonlinear effegtsaaipvhen a corner-
point is involved. Moreover, the corner-points of the exgramalso change the
statistical properties of the quantized signal. Therefartgen a predefined-form
dither is applied at the input, this concept is only appraaten We can say that
it is a good approximation if the number of mantissa bits isvesy low (let us
say, it is larger than 6-8), because it is quite unlikely tihat signal is close to a
corner-point. A precise theory has to be still developed.

If we want to treat the corner-points properly, a specialisoh can be intro-
duced. Let us discuss first the case of a uniform dither. Iihithgéen quantizer, we
would like to have a uniform dither of the same width everyreh&\Ve can directly
influence the shape of the dither distribution obsforethe input compressor. If
we calculate the shape of the dither which is transformedbycbmpressor into
a uniform one, we obtain a rule illustrated in Fig. 6.

When the “hidden” dither PDF around the signal value doesimdtide a
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Figure 6: Generation of uniform hidden dither in a floatirgnd quantizer.
(a) portion of the floating-point characteristic and theungither distributions;
(b) corresponding portion of the compressor.
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corner-point of the compandor, the dither at the floatingrpmput is simply a
uniform one. When however a corner-point is included, tséritiution at the right
side of the corner-point is stretched horizontally by adacf 2. The compressor
on the other hand will produce a uniform hidden dither by sgugy this portion
by a factor of 0.5. Algorithmically, when the input signatisse to a corner-point
so that the support of the PDF of the generated dither inslitdthat is, when the
signal is below a corner-point, and it is closer to it titahAy,_;, and when it
is larger, then it is closer to it tham5Ay,, whereAy,_, and Ay, are the two
neighboring quantum sizes, i&y,_; = 0.5Ay,) the rule is as follows.

e When the input value is just below a corner-point, a ditheéwieen

(—AYn-1/2, Ayn-1/2)

is added, and if the result is now above the corner-pointdifierence be-
tween the result and the corner-point is doubled.

e When the input value is just above a corner-point, a ditheween

(_Ayn/2a Ayn/Q)

is added, and if the result is now below the corner-point, dtierence
between the result and the corner-point is halved.

It is not certain from the above arguments however whethsrdither will
indeed eliminate the quantization distortion, since ttiec¢fof the corner-points
is not clear. Let us discuss this question now.

First let us make a note. The first moment is unbiased in thaemdjuantizer,
because the output of the quantizer contains informationtie position of the
input signal everywhere: when it is moved in either direttian increasing frac-
tion of the PDF of the dither crosses the next quantizatigel le this direction,
and the average of the quantized (binary) distributiondases accordingly. By
the above described stretching, we also achieve that gaiot level crossings
occur at every position (except when the dither PDF arouredrthut signal ex-
actly falls between two neighboring quantization level®)is means that there is
a chance that the quantized signal contains indeed profmemation about the
value of the input signal.

Let us consider now the signal value which causes the flogimgt input
dither to be at the position shown in the center of Fig. 6a. ditput is constant,
and exactly equals the input. The bias is therefore zero. Let the value of the
PDF at the left side b§ = 1/Ay, 1, and let us shift by +dz. We are novabove
the corner-point withx + dz. Then, at the right side a new output amplitude level
appears with probability’, = 1/Ay, - dz. Its position is at distancAy,, above
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Figure 7: Triangular hidden dither transformed back to tbatfhg-point input.

the previous level. Therefore, the change in the mean valBe iAy, = dz. The
mean value changes by exactly the same amount as at the fBmae this the
same argument can be applied for each input signal valueaweegroved that the
first moment (the expected value) is unbiased for all inpyplaodes.

Further research has to be carried out concerning more ccatgd dither
forms. We think that e.g. a properly stretched trianguléneti (Fig. 7) can sim-
ilarly diminish the already small correlation between thepuot signal and the
guantization error.

We can also realize that subtraction of the dither from thpuiidestroys finite
bit length behavior (see the next section). Therefore, &atiihg-point, basically
only non-subtractive dither can be applied (see e.g. [11]).

We finally mention that concerning the interrelation betavéiee signal and the
quantization noise, for large-scale signal variationsekgandor can be approxi-
mated by an exponential function, therefore the additilaiaship in the hidden
quantizer becomes multiplicative at the output ([19]). kh\ehile, for relatively
small signal variations, when we stay on the same segmeirteofjaasi-linear
compandor, the relationship remains linear. Thereforegeweral rule can be
established for relationship afandv;., .

4 Suggested Solutions

Knowing what kind of dither has to be added, we have to implerttés scheme.
Here another difficulty arises. We should inject the ditHegrahe arithmetic op-
eration, but just before quantization. In other words, wausthdeal with the long-
mantissa results, before re-quantizing it to the memoryebigth. The practical
problem is that this intermediate number is usually notlataée. Most arithmetic
processors generate the results without providing acodbg intermediate result
before quantization. In such a case, we cannot properly atdithar. An idea
would be to add dithers to both inputs before the arithmepieration, but this
is usually not usable, either: the necessary dither is at IS8, and after any
addition, the result is immediately quantized: we immaealialose the dither bits.
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In order to overcome the above difficulty, we suggest thewalhg solutions.

¢ If we cannot have direct access to the high-precision resutt may still be

able to indirectly generate them. This means that we canaliytincrease
precision. For example, by multiplication, we make use efftct that if a
mantissa is represented pyits, and we denote the upper half by HW, the
lower half by LW, we can exactly calculate HW1*HW2, HW1*LW2xé
LW1*HW?2 with the available arithmetic processor, and byg@oaddition
of these, we can represent the significand of the resulipdaits. Then, we
can properly add the dither to the lower bits, and quantiizer éiat. This
is a little tedious procedure, especially for more compédaoperations,
and sometimes, when the coprocessor can only yield an glpehtized
result, it is not even possible. Still, in most cases thisrset be a doable
solution. The speed is acceptable, by utilizing the cosaearithmetic.

In certain cases, like in the PC coprocessor, the accumusétéength is
higher than that of the memory. In a PC, it uses 64 mantissaristead of
53. When the result is generated in the accumulator, it tasleiow the
LSB level of the memory. This means that while the resultii§ istthe
accumulator, we can add the dither properly, and then mavedaka to the
memory (during which re-quantization happens).

If we realize the above difficulties, it is straightforwaaddpeculate that the
best way would be to add the dithier hardwareat the right place. This
implies redesign of the hardware which is not possible atithoment, but
it can be incorporated in future designs. Therefore, an avgut copro-

cessor hardware can be suggested which allows addition itfier dhefore

quantization.

While this is a very reasonable statement, we have to retiaieeven a
pseudorandom dither makes the result slightly (pseudddran This means
that without the dither being synchronized from outside & ae may not
want to do synchronization because thus we may loose thetdy@of low
bias — this makes the result non-repeatable. This causésadtidifficul-
ties in the evaluation of algorithms and so on. Therefortheding must be
selectable in a well designed hardware, and the possibilisynchroniza-
tion of the pseudo random generator is also desirable.

Conclusions

The necessity, possibilities and difficulties of applyinghdr to floating-point
numbers is discussed. Realization of this dither is an apftoo future hard-
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ware/software developments.
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