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Abstract: System identification often means the determination of linear models 
from input-output data. The behaviour of many systems can be described by an 
s-domain or z-domain transfer function model, at least for a given excitation am-
plitude range. The quality of the fit can be assessed by the analysis of the residu-
als, that is, of the difference between the measured data and the model. 
 
However, even slight nonlinearities can be misleading, by causing part of the re-
siduals non-explicable by the linear model. We cannot simply tell if the excess re-
sidual error is due to undermodelling or to nonlinear system behaviour. This can 
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1  INTRODUCTION 

In model verification, there is a strange contra-
diction between low noise level of measurements 
and verification. Verification is usually based on 
analysis of the residuals. The error between  
measurements and the identified model is com-
pared to the calculated noise levels. When meas-
urements have low noise, even small nonlineari-
ties may dominate the residuals. An example was 
studied by Németh et al (1999). A notch filer as 
in Fig. 1 was investigated. 
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 1  A notch filter 



 

 

Fig. 2  Model validation from

The measurement was done under laboratory 
conditions. As the central plot of Fig. 2 illus-
trates,  the model  (continuous line)  well follows 
the FRF, the residuals (stars) are small. The sig-
nal-to-noise ratio is over 60-80 dB. Even if the 
equality of certain component values cannot be 
perfectly achieved due to component imperfec-
tions, in theory a 3/3 model should be sufficient 
to describe the behaviour. However, one can ob-
serve that e.g. the Akaike criterion 
(cost*(1+np/F), where cost is the value of the 
cost function, np is the number of free parame-
ters, and F is the number of frequencies 
(Schoukens et al, 2002) consistently decreases 
with increasing orders, at least until 8/8 (left plot 
in Fig. 2). 
 
Although the decrease is not significant from 4/4 
to 8/8, the 3/3 model would certainly not be ac-
cepted, since for it the cost function and the 
Akaike criterion are both relatively large. On the 
other hand, we know that the MacMillan order of 
such an electronic circuit is not larger than the 
number of energy storing elements, that is, 3. 
 
Why is this apparent contradiction? In validation, 
we compare the residuals to the calculated noise 
level. When the noise is small, nonlinear errors 
dominate the residuals. “Blind” criteria, like the 
Akaike criterion, indicate too large modelling 
errors, and force the degree of freedom of the 
model be larger than necessary. 
 
How can we detect this, and keep model orders at 
a reasonable level? A possibility for this is to 
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 3/3 to 8/8. 

de nonlinearity products into the measure of 
oise. This includes the design of appropriate 

tation signals, a special “nonlinear noise” 
ysis, and corresponding identification proce-
 with model validation. This has been incor-
ted now into the Frequency Domain System 
tification Toolbox. We will illustrate this on 
xample. 

linear analysis can be simply switched on in 
raphical user interface by pressing a taskbar 
n. The basic flowchart remains the same, 

he behaviour of individual elements change. 

 
 3  Switching nonlinear analysis on 

basic idea is as follows. The deviation of the 
surements from the model can be caused in 
ral by the following sources: 
• observation noise 
• nonlinearities 
• modelling errors (e.g. undermodelling) 
• transients during measurement 



 

During identification, we eliminate transients by 
executing measurement in steady-state, or model-
ling transients, and choose a transfer function 
model which is complex enough to be able to 
describe the linear behaviour. Therefore, in a 
good model, the first two items in the above list 
describe the residuals. If we have a good descrip-
tor of both of them, we can verify the model. 
 
The problem is that nonlinear products are bound 
to the input signal. Therefore, they cannot be 
analysed by repeating the experiments, since the 
same input signal produces the same errors. 
 
There are two ideas which can help in this 
(Schoukens et al, 2001). 
 
One is to use signals which produce FRF results 
which are similar, so averaging and variance 
analysis of them is doable, while the nonlinear 
errors are different. Random phase multisines 
fulfil these conditions. The random phase of the 
components yields a different combination of 
nonlinear errors for each realisation, while we 
can keep the excitation level at each frequency 
constant. The random phase is eliminated by cal-
culating the FRF, or by turning the phases of the 
Fourier amplitudes to the same direction by using 
a reference signal (this can be available since we 
only need the noiseless excitation signal). In such 
a set of experiments, nonlinear errors behave like 
Gaussian random noise (Pintelon and Schoukens, 
2001). We can execute variance analysis, and use 
the “nonlinear” variances for identification and 
validation. This eliminates the problem of 
nonlinear errors present, since we compare the 
residuals to the combined “variance”, describing 
both the observation noise and nonlinear errors. 
The only difficulty is that we have to generate a 
set of different multisines, and execute a series of 
experiments – the toolbox can help with generat-
ing these excitation signals automatically. This 
method is called “robust” method. 
 
Another possibility is to observe the effect of 
nonlinearities at certain frequencies where no 
excitation is present. If a special multisine is 
generated which contains zero excitation at cer-
tain frequencies, here the output signal contains 
here only noise and nonlinearity products. If the 
frequency grid is furthermore restricted to odd 
frequencies, the effect of even nonlinearities is 
avoided. The calculated “nonlinear variances” 
can be used to interpolate these “variances” at the 
excited frequencies, so we obtain FRF values 
with “nonlinear variances”, describing the level 
of residuals as combined from noise and nonlin-
ear products, so validating the model when no 
 modelling error is present. This method is called 
“non-robust” or “fast and simple” method. 
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 RANDOM PHASE EXCITATION 

e have seen above, we need a few random 
e multisines, theoretically at least 7 of them. 
graphical user interface generates these, the 

 needs to export the signals and execute the 
riments. In this example, each multisine con-
 two repeated periods, to enable the analysis 

oise alone (see below). 

 
 4  Excitation signal design for random phase 

ultisines 

n the results of all experiments are imported 
e graphical user interface, variance analysis 

be executed. Fig. 5 illustrates the result. 

green2 + signs at the top illustrate the FRF. 
w it, the blue x marks around approx. -20 dB 
te the nonlinearity level of one experiment. 
 curve is repeated in light blue by 
og10(7) dB lower (we have used 7 experi-
ts). These are the “variance” values which 
be used when fitting the average of the ex-
ents and during validation. Finally, the 

e level is shown with yellow x marks at 
t –40 dB, well illustrating that the noise is 

ificantly smaller than the “nonlinear noise”, 
odel validation using linear noise would be 

eading. 

el validation is illustrated in Fig. 6. The 
inear upper limits bound the residuals from 
e (left plot), while the linear ones do not 
t plot).  

                                                    
 description refers to colors on the screen – for 
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Fig. 5  The result of noise analysis using r

 

Fig. 6  Model validation using random phase multisines. Left t
the result based on pure lin

Let us observe that the two results (nonlinear and 
linear) do not really differ in the identified 
model. Although the residuals are not exactly the 
same, but they are at the same level. The main 
difference is in validation. Nonlinearities and 
noise do account for the residuals, while linear 
noise alone does not. Using the new technique, 
we can validate the model. Linear analysis shows 
too large residuals, but cannot go further. 

3  

The 
char
ised
with
alon

4

 
andom phase multisines 

 
he result using nonlinear error analysis, right 
ear analysis. 

RANDOMISED-GRID MULTISINE 

“fast and simple” method for nonlinear error 
acterisation requires the design of a random-
-grid multisine, that is, an odd-harmonic one 
 some non-excited frequencies scattered 
g the frequency axis. 



 

Fig 7  Design of a randomised-

 
Fig. 8  Randomised frequency grid 

 
Fig. 9  Variance analysis based on randomised-

grid multisine 
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grid multisine 

s of the toolbox are not required to go into 
ils of the whole signal design and analysis. It 
ly necessary to understand the results (Fig. 

green3 + marks denote the calculated FRF. 
blue triangles illustrate the nonlinearity lev-
alculated at the non-excited odd lines. The 
w x marks show the noise level. The light 

 squares show the nonlinearities at the even 
.  

e are non-excited lines like the selected ones 
dd frequencies. In our case they are at noise 
l, since the nonlinearity we applied to the 
al is odd, so no even products are present. 

 10 illustrates the results of model validation. 
 figure is very similar to Fig. 6. The nonlin-
y-based model is validated (the residuals are 
w the theoretical limits), while the linear 
e based model is not. 
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Fig. 10  Model validation using a randomised-

grid multisine. Left the result using nonlinear 
error analysis, right the result based on pure 
linear analysis. 

4  SUMMARY 

The Frequency Domain System Identification 
Toolbox has been extended by tools for nonlinear 
system characterization. Linear models can be 
properly validated now even in the presence of 
nonlinear errors, and the error level is character-
ized. The key is to use special excitation signals: 
random-phase multisines or randomized-grid 
ones. 
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