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turn, this choice led to an approximately unity eigenvalue spread for
the covariance matrix of the reference signal.
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The convergence analysis is carried out from a worst-case view-
point providing sufficient conditions for exponential stability and
absolutely monotone convergence. This approach also allows the
estimation of the convergence speed. All the presented results depend

Convergence Properties of an Adaptive Fourier Analyzer strongly on the input signal, of which songpiori knowledge is
necessary.
Gyula Simon and @bor Receli In Section Il, the BAFA structure is introduced. Section Il contains
the results of the convergence analysis, the sufficient conditions for
_ ‘ _ the exponential stability, and the absolutely monotone convergence.
rf_*thtLaCt—ﬁ‘ PLL-like I’clldatptIVEfFOUI'Iel' arjalyzert(AFIA) W"I’TS r:_ropos?:] A lower bound on the convergence speed is also derived, and the
wnic as shown excellent performance In practical applications. e . PORT
convergence analysis of this AFA is extremely difficult, and until now effect of the noise and unmodeled periodic component_s are analyzed.
theoretical results have not been available. in this paper a modified N Section IV some examples are pres_ented comparing the conver-
version of the original AFA will be proposed. The new version preserves gence of the AFA and the BAFA, and illustrating the convergence
the effectiveness of the original AFA, and its convergence properties gnalysis.
can be exactly analyzed. Sufficient conditions are presented for the
exponential stability, and the absolutely monotone convergence, as a
function of the harmonic content of the input signal. The speed of the II. THE BLock AFA
convergence is also estimated, and the effect of the noise and of unmodeled ) . . . .
periodic components are analyzed. The signal processing part of the system is a special single

L ) . input multiple output (SIMO) filter bank, which can be considered
Index Terms—Adaptive filters, asymptotic stability, observers, res- .
onators, spectral analysis, stability criteria. as an obs_erver [4]. The system to be _observed consists of a set
of harmonically related resonators. In Fig. 1, these resonators are
composed of complex-valued discrete integrators, which estimate the
|. INTRODUCTION corresponding Fourier coefficienfs;, and of complex modulators,
The resonator bank structure is an attractive tool for implementifglich generate the Fourier components. The sum of the components
transformations [2]. Based on this structure, new adaptive algorithf§scompared to the input sample in every step, and if there is a
were proposed to track the input frequency (or frequencies), anddifference, all the coefficient estimates will be corrected. The system
provide accurate harmonic component measurement as well. In Rngides the Fourier coefficients/components recursively if, in Fig. 1,
a hyperstable structure was proposed to track independent sinusoidal

Frequency i(k)
adaptation
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the number of (complex) resonators. If the coefficientsare set as
Tm = — z= et 2

i=—L
1#Em

the system has poles only at the origin, therefore, it will operate as
a deadbeat observer with transient lengthN\of
The input signale(%) is periodic:

K
w(k)= " Al (3)

i=—K

wherews is the fundamental frequency, is the complex amplitude
of theith component, and the number of complex harmoniediis-1
(it is supposed thalw, is smaller than the Nyquist frequency).

If wg = w,, then the coefficient estimator¥, equal the exact
Fourier coefficientsd;. When the frequency of the input differs from
that of the model, the estimated Fourier coefficients suffer from the :

effects of leakage and picket fence. If the frequency estimate is YI(A:+P\)\‘\

Lk + P)
=k + P)

the state variablé&; corresponding to the fundamental harmonic has - &{\ ‘ E(k)
the following form:
K K - ) o
Xik)= 3" Xiiky= Y ajeormeoty (o)
i:;h' i=—K (b)
_ Z Al pd(woimwr)k (4) Fig. 2. (a) The effect of “disturbing” harmonic components on the angle

measurement and (b) worst case.

i=—K

where the transfer function of theath channel fromz(k) to m

i : . CONVERGENCE ANALYSIS
X (k)em (k) is

The following model is used for the input signal:

PonZmz L * The signal is periodic with unknown fundamental frequengy
To(z) = 1—zpe! I 5) as in (3).
e L=t T . « There exista priori upper limits for the relative amplitudes of
1+ ’;ZL pp— the harmonic components:
| , , e ©
It is clear that angleX; ;(k + 1) — angle X, 1 (k) = wy — w,.. If |Ai]
Al Al - . .
A; < Aj,i # 1, then X, is a good estimate of, ;, and the_ Let = be the sum of the “disturbing” components &f :
frequency error can be calculated from the angle of the state variable:
K
Ay = angleX (k4 P) —angleX,(k), wo—w, =~ Ap/P (6) k)= > Xuah). (10)

i=—K,i#l
where P is a positive integer.

Based on these results, the adaptation mechanism of the BAEA: IS not Z€r1o, themp 7 P(/'io - wr), s shov_vn in Fig. 2(a). The
. angle error is the largest, whéi is the largest, i.e., the components
can be described as follows.

o ) ] of X, have the same angle, aadis perpendicular toX; as shown
1) Wait N samples until the transients of the resonator bank dquH-Fig. 2(b). Using the notations of Fig. 2(b), the angle error
2) Collect P samples ofX, and measure\y as in (6). Note

that if the unwrapped angle difference between two samples |P(wo — w,) — Ag|

of X is higher thanr, then the exact angle measurement is ]
< 2¢ = 2arcsin

111

not possible! |X1 4]
3) Updatew,: K ’
> T A
Wr new = Wr old + A\P/P~ (7) i=— K r
. il . I
< 2 arcsin - < 2arcsin — 11
Update L: - |Ti(erwo) ] — Ay ()

. . where
T/wr new — 1 < L < T/wy new where L is an integer. (8)
K

Updater,, as in (2). L = Z i T ()| and Ay = T (™)) (12)
4) Go to:. o
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Theorem: If the actual frequency estimate is., and the update amplitude error caused h§; on the X,,, output can be expressed as
mechanism is as in 3) above, then for the absolute frequency error

to decrease in the next adaptation step, it is sufficient that Y = i Bi|Tm(ejwd,i)|' (19)
Ty < Ay (13) =t
Since the resonator bank operates in steady-state mode during step
and 2) above, the effect of the disturbing periodic components omthe
. Iy variable is additive, and is similar to that of the signal components
wo = wr| + 2aresin 4= <@ (14 X, ..i +1in (10). The analysis leads again to (13)~(15), where the

variableI’,,, now has the form
and

K

2 . jwo Ym
5 arcsiu \—1 < |wo — wy|. (15) L= Z ai| T (70| + 1 (20)

Al

i=—K
Proof: Conditions (13) and (14) simply ensure that the angle Rl
difference remains below between two samples, which is neces- If the disturbance can be modeled as an additive stationéky

sary for correct angle measurement. Using (7), (11), and (15), theise with variancer®, and power spectral density functidi(w),

frequency error can be expressed as follows: then the output noise...(k) on the Fourier coefficienk,., can be
characterized as a stochastic variable with real and imaginary parts
Ap . : S 2,
|wo = Wrnew| = |wo — Wrota — - having zero mean Gaussian distribution [6]. The varianég of

nm(k) can be expressed as

1
=5 |P(WO - L'4‘)1",01(1) - A/"’| < |WU - u/'7‘,0ld| " .
" Y (16) T = ST ()| dw. (21)

which guarantees the decrease of the absolute frequency error aftdtiS obvious that the variances of the real and imaginary parts of

2

the adaptation step. m "m(k) cannot be larger tham;,. Thus, with a confidence level of

Note that if (13) and (14) hold, there always exists a sufficient§9-7%. it is true that
large P to fulfill (15).

It is clear, that if the theorem holds in a dom&ing, min < wo <
Wo, max, Wr,min < wWr < Wr max), then starting from a point inside
of the domain the BAFA will be absolutely monotone convergent. [Im ., (K)

If fora 0 < 6 < 1 value it is true that in the above domain the . .
ratio of the left-hand side and right-hand side of (15) is smaller thé{YP'Ch ylelds
8, then it can be shown similarly to (16) that the frequency error will Inm (B)] < 3V20 . (23)
be at least times smaller in each adaptation step:

|Re npm (k)| < 30m
and

< 30m (22)

‘ In the special case when(k) is white, the probability density
|wo = wr new| < 8lwo — wr newl- (17)  function of n,.(k) is a circularly symmetric Gaussian distribution
with o2, ge = opim = 01,/2, and (21) giveso,, = o°/N
. . . the equation holds exactly if,. = 2z /N, otherwise for highV
exponentially stable (and thus uniformly asymptotically stable) [SL is a good estimation). The stochastic variapie, (k)| has chi-

and also gives an estimation on the speed of the convergence. R . .
. " - uare distribution with degree of 2, which can be expressed as an
Because of the exponential stability, the frequency estimator can o . . )
e(ponentlal distribution with coefficient 1/2. For confidence level

arbitrarily close to the true frequency value after a certain time instan
therefore, the errors of the amplitude estimators, coming from the
leakage and the picket-fence effect, can also be arbitrarily small after
this time instant (independently of the initial state), so the estimators . i
of the Fourier coefficients are uniformly asymptotically stable [5]. Which gives: = —21In(1 — a), and thea confidence level upper
In the presence of disturbances (either noise or unmodeled periddfit for the output noise is

components), the frequency and amplitude estimators are perturbed.|nm(k)| < Im V=2 I(l-a)~oy/—In(l—a)/N. (25)
But the uniformly asymptotic stability yields that the estimators are V2

totally stable [5], which means that in the presence of dlsturbances,l.he disturbing noise component can be added to the variable

the estimators can be arbitrarily close to the true values, if the If 1n > non(k) for all k, then the sufficient conditions for the
disturbance is sufficiently small, and the initial states are close enougqu I e ?

. . . solute frequency error to decrease in the next adaptation step are
to the solution. The total stability property assures that the algorith q Y P P

£%ain (13)~(15) with

is not “too sensitive” to the disturbances. A more exact convergenc

The property (17) assures that the frequency estimatoris

2
Pl < %) =1-P =0 @

analysis can be carried out based on the method proposed in the K i N
noise-free case. Both periodic and stochastic disturbances will be L= > alTu(e”™) + a0 (26)
analyzed. i;;ﬂ{"

Let the sum of the unmodeled periodic disturbances be o o
If both periodic and stochastic disturbances are present, from (20)
Q ; .
P and (26),I" has the following form:
(k) =3 Bieast (18) (26) g
=1 K . . / 1
_ | | o= 3 ailTu(e™) 4 20
where @ is the number of components, ang; is the amplitude P Ax
of the complex periodic signal with frequenay; ;. The maximum i#m

27)
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Fig. 3. Convergence of the frequency estimator, and two amplitude estima-
tors of the AFA (thin line), and the BAFA (thick line). Dotted lines show (@
worst case estimations of the convergence rate,of

0.25
The disturbances have the following two effects on the conver-
gence.
» Conditions (13) and (14) are not fulfilled close to the edge of the 0.2
noise-free convergence interval, thus the convergence interval _ \\\
becomes narrower. i N
« Condition (15) cannot be fulfilled when, — w, is close to zero, = N
thus the convergence interval is “holed,” there is a residual ig’o .5 s
frequency error which can be estimated using (15) as 5 AN
5 AN
Aw = |wo — wr| & 2 arcsin —=. (28) g \\\
P Aq AN
0.1
For small disturbances\w is small, thusA; ~ 1, the first term AN
of 'y in (27) is close to zero, and (28) can be approximated by )
Awr2 LM (29)
Pa, 08505 0.2 0.25

1
input frgqusency: (oY
The error of the estimated Fourier coefficients comes directly from (b)

the disturbances and indirectly from the inexact frequency estimation. ] ) ]

The direct error\ A, 4;, is MaXiMuMy,.. +1,. for themth harmonic Fig. 4 An examp!e of _the convergence analysis. (a) Noise-free input.
t The i d ) t . d by th -k ick tarting from a white point the absolute frequency error decreases in the

component. € Indirect error IS caused by _e well- _nown PICK& axt adaptation step. The rectangle indicates a region where the BAFA is

fence effect and the leakage, hence the amplitude estimators aregigbnentially stable. (b) In the presence of noise (SNB7 dB), the stability

computed on the exact frequency lines. Thd,,,, ;,« amplitude error region becomes slightly smaller; and around= wy, the narrow gap of the

on channeln caused by the picket fence effect and leakage can fsidual error is visible.

estimated using (29):

A, ind < oA X e IV. EXAMPLES

Fig. 3 compares the convergence of the AFA and the BAFA

K
AL = [T (7°™)]| + Z Ai| T (709 |. through an example. The input signal changed its shape (from square
P to triangle) and frequency (fronap,1 = 0.125 t0 wo,2 = 0.075) in
i#m step 500, as shown in the figure. The signal was filtered to fulfill

(30) the Nyquist criterion, and® was set to/V in each adaptation step.
_ _ o Fig. 3 shows the convergence of the frequency estimator and the
For the amplitude erronA,,, the following estimation can be gmplitude estimators of frequency lines 1 and 3. The performances

given by summingAA,, air and Ady, ind: of the algorithms are close to each other (which is typical, according
’ / to our experience, independently of the signal's properties), but the
Adp < oA XA (Al = Am|+AiT0) - (31) frequency estimator of the BAFA converges monotonously. A worst-

case estimation of the convergence rate can also be seen on the plots
whereT has the form of (27). based on (17), wheré& was calculated from (15).
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Frequency Error: |wg-w|
T T T
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Fig. 5. Convergence and residual error of the frequency estimator in
presence of noise (SNR 37 dB).

The second example is a convergence analysis of a signal

A; = 1,andA; < 1/:* for the other harmonics. The frequency of theex

Fig. 5 shows the convergence curve of the frequency estimator of a
triangle wave withwy = 0.15 and SNR= 37 dB. In the record, the
residual error is smaller thah- 10—, which corresponds well with

the theoretical limit ofAw.

V. CONCLUSIONS

The results presented in this paper allow the design of an adaptive
algorithm, which is exponentially stable and absolutely monotone
convergent in a region which depends on the harmonic content of the

ut signal. A lower bound on the convergence speed was given,
which is important in real time applications. The effect of the periodic
and stochastic disturbances was also analyzed, and the error of the
quency and amplitude estimators was also derived. Numerical
amples were presented to illustrate the theoretical results.

input signal is known to vary around 0.15. The goal is to determine
the region of the input frequency in which the absolute monotone

convergence can be ensured whr: 40. Equations (13)—(15) were

evaluated by a computer program in a grid containg x 200

points. On the plot, dark dots show the places where any one of t
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