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Abstract—Part feeders take an unsorted bulk of identical parts 

and output them in a uniform orientation. Common feeders sort 

out those items that settle initially on one specific face, and 

further reorient them as desired. Quick estimators of the 

probability of settling on a given face facilitate the design of parts 

for efficient feeding and of the feeding lines themselves. 

Nevertheless the evaluation and the development of such 

estimators have been hindered by the lack of data. Here, I create 

and analyze a large, simulated dataset; evaluate estimators 

available in the literature by comparing their predictions to 

simulation results with the help of a custom-made metric; and 

propose new estimation algorithms. The new estimators offer 

viable alternative to the direct dynamic simulation of parts due to 

their low average errors. 

 

Note to practitioners—Automated industrial assembly systems 

often take streams of unoriented parts as input, which are 

oriented by feeders. Many of the feeders reject all parts but those 

which rest on one desired face after falling into the feeder. The 

probability that a part settles on the right face has a dramatic 

effect on the efficiency of the feeder. In the paper I create a 

dataset on the behavior of irregularly-shaped parts by computer 

simulation. I compare the dataset to the predictions of simple 

estimators of these probabilities. Finally, I design a new 

estimator, which enables the quick and reliable prediction of the 

probabilities without the need to perform repeated experiments 

or computer simulations with every individual part. The new 

estimator is useful in those situations where other methods are 

too slow. For example, it can supply the user of computer aided 

design software with continuous, feedback on the ‘feedability’ of 

the part being designed.  

 
Index Terms—assembly systems, estimation, part feeding, pose 

statistics, simulation 
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1. INTRODUCTION 

A. Part feeding 

Parts used in automated assembly lines are often available 

in bulk and are oriented by feeders before entering the 

assembly line. Typically, the parts are dropped to a horizontal 

surface (e.g. a tray, a vibratory bowl or a conveyor belt) and 

settle on one of their faces.  I refer to this initial phase of the 

orientation as ‘pose selection’. After coming to rest, they are 

further processed by active manipulators (e.g. vibrated trays 

with depressions [1]; grippers [2], [3]; distributed 

manipulators [4], [5], [6], [7]; actively tilted trays [8]; 

throwing devices [9]) or passive physical barriers (fences [10], 

[11], [12], [13]; traps [14], [15]; pins [16]; ‘blades’ [17]). 

Some of these devices change the orientations of parts, 

whereas others are designed to sort badly oriented ones for 

recycling.  

Although the core mechanism of a feeder is reused across 

different parts, the sorting and orienting devices require part 

specific design. Traditional methods of designing an efficient 

feeding line for a new part are slow and expensive. The main 

goals of researchers during the past two decades have been to 

facilitate feeder design by algorithmic planning and 

optimization [10], [11], [12], [14], [18] [19]; and to develop 

flexible or universal orienting devices [4], [5], [6], [7]. 

The majority of the orienting devices can only rotate parts 

about a vertical axis [20], but they cannot change their initial 

poses. Hence, the automated design of efficient feeders 

requires simple and reliable methods to predict (or manipulate 

[21]) the probabilities of settling in individual stable poses of 

the parts (i.e. pose statistics). The aim of the present paper is 

to improve our understanding of this aspect of part feeding.  

B. Part pose statistics 

There are two straightforward approaches to obtain the pose 

statistics of an individual shape: repeated physical experiments 

[22], and direct computer simulations [5], [23]. Experiments 

require the part to be manufactured as well as costly or tedious 

data processing. Computer simulation is much simpler, but 

generating a statistically reliable amount of pose statistics data 

by simulation is too slow for certain applications. Fast 

methods can be applied in computer-aided design software to 

provide the user with real-time feedback about the list of 
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stable poses and the associated resting probabilities, while a 

part is being designed; they also facilitate the automated 

optimization of part shape for ‘feedability’ through a large 

number of iterative steps. This demand inspired the 

development of simple estimators [24], [25], [26], [27], [28], 

[29], [30], [31], which provide approximate pose statistics 

with low computational cost.  

The downside of the estimators is their unknown reliability. 

Several studies have compared their predictions with 

experiments or simulations [24], [27], [25], [32], [33] and 

relatively low error rates have been reported. However, none 

of them has been benchmarked against more than a few 

specific objects or a restrictive class of shapes (e.g. square 

prisms). In this paper, I attempt to fill this gap by  

1. producing a benchmark dataset of pose statistics via the 

numerical simulation of random polyhedra (see Sec. 3, 

and the downloadable material)  

2. testing 5 existing estimators against data (Sec. 4.A-B), 

and  

3. proposing 3 improved estimators (Sec. 4.C-E). 

Next, I discuss the challenge of obtaining a high-quality 

benchmark dataset.  

C. Benchmarking the estimators 

Comparing and evaluating estimators requires a benchmark 

dataset. Both simulated and experimental datasets should be 

treated with caution because the difficulty of modeling 

impacts and friction [23]. The trajectory of an object falling 

onto a surface includes many impacts and the outcome of 

every single one depends on object shapes, sizes, materials, 

surface types and initial conditions in a highly nontrivial way. 

Ideally, an experimental benchmark dataset should cover all 

possible combinations of these factors. At the same time, all 

these details should be known about the system for which the 

estimation is made. Similarly, the impact and friction models 

embedded in a simulation code should reflect all these factors. 

These requirements are unrealistic, i.e. from the point of view 

of accuracy, neither experiments nor simulations are perfect.  

 Despite the sensitivity of an object’s trajectory to the 

outcome of individual impacts, several earlier studies suggest 

that pose statistics are relatively robust against such details. 

The deviation of simulated statistics from experiments for a 

small set of objects is below 3% [25]; the effect of the quality 

of the support surface is also moderate (see [24], [27], [32] 

and Fig. 5). An attempt to rigorously prove the robustness of 

pose statistics is beyond the scope of the paper, but more 

evidence for this observation is presented in Sec. 5. 

Motivated by the possibility to examine a large variety of 

object shapes, I use a simulated dataset as reference. My 

approach is supported by the above discussed robustness of 

pose statistics. The model is made as simple as possible, e.g. 

interactions between the objects and the underlying surface are 

modeled as perfectly frictionless. 

2. CONCEPTS AND NOTATIONS 

This section is devoted to the description of technical concepts 

used in the paper.  

A. Pose 

An object’s pose is a set of configurations invariant under 

rotations about a vertical axis, as well as under translations. 

For convex objects, configurations with the same point of the 

object’s surface vertically under its center of mass correspond 

to the same pose. By considering a reference configuration of 

the object and by projecting its surface centrally to a unit 

sphere SO about its center of mass O, one obtains a one-to-one 

correspondence between the poses and the points of the sphere 

(Fig. 1, [34]). For example, the ‘north pole’ of the sphere of 

poses corresponds to the pose, which is obtained by turning 

the reference configuration upside down. Accordingly, poses 

are also identified by three-dimensional unit vectors (u).   

 
Fig. 1 A: example of a concave part (the body of a clamp) B: 

polyhedral approximation of its convex hull with definitions of the 

functions r(u) and R(u). The light grey plane touches the surface of 

the object and it is perpendicular to u. C: filled contour plots of the 

r(u) (left) and the R(u) (right) functions associated with the convex 

hull. Light colors indicate high values. Three poses of the object 

corresponding to a local maximum, a local minimum and a saddle 

point of the functions r and R are also displayed.  

B.  Polyhedra 

The surface of any object can be approximated by a 

polyhedron (Fig. 1).  A concave object can be replaced by its 

convex hull, and a non-triangular face can be divided to 

triangles. Thus, I only discuss convex triangular polyhedra. A 

polyhedron in a stable pose always rests on one of its faces 

(however not all faces are stable). To find stable faces, one can 

project the center of mass normally to the plane of each 

triangular face. A projection inside the triangle indicates 

stability. 

It is worth pointing out that the approximation of a curved 

surface by a polyhedron may change the number of 

equilibrium poses. For example, a single equilibrium pose of 

the smooth object may turn into a small group of equilibrium 

poses including ‘fake’ stable poses [34]. The refinement of the 
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polyhedral approximation reduces the distances between the 

equilibrium poses in such a cluster, but they do not necessarily 

disappear. One can deal with clusters of nearby stable poses 

by treating their members as identical, i.e. by summing the 

corresponding estimated probabilities. An extreme case of this 

side-effect occurs for parts containing a piece of spherical 

surface centered exactly at the part’s center of mass. The 

polyhedral approximation replaces infinitely many neutral 

equilibria by a large but finite set of stable and unstable poses. 

C. Functions describing the shape of an object 

Given an object in a reference configuration with O in the 

origin, and an arbitrary three-dimensional unit vector u, there 

exists exactly one positive scalar r(u) such that r(u)u belongs 

to the surface of the object. The function r(u) can be used to 

describe the shape of the object. Another positive function 

R(u) is defined as follows: R(u) is the only positive number 

such that R(u)u belongs to a plane touching the object and 

perpendicular to u (Fig. 1). If the object is in pose u and it 

touches a horizontal plane from above, its potential energy is 

mgR(u) where m is the mass of the object and g is the constant 

of gravity. Hence, a vanishing gradient of R(u) corresponds to 

an equilibrium and local minima of R to stable poses. It can be 

shown that the gradients of r(u) and R(u) vanish at the same 

points; furthermore r(u)R(u) with equality at equilibrium 

poses.  

D. Centroid solid angles 

The solid angle of a surface embedded in 3D space from O 

(centroid solid angle) is the area of the central projection of 

the surface to the previously defined sphere SO. There are 

closed formulas for the centroid solid angle of a spatial 

triangle [36] and for that of a circular sector with center C, 

provided that the plane of the sector is perpendicular to OC 

[37]. These formulas are used to calculate the centroid solid 

angle of  

1. a face of a polyhedron (CSAE estimator, Sec. 4.B) 

2. regions of SO bounded by level curves of r or R (EAE, 

MEAE estimators, Sec. 4.D). The functions r and R are 

piecewise smooth; their level curves are composed of 

circular arcs as illustrated by Fig. 1. 

3. DYNAMIC SIMULATION 

The main results of the paper are derived from a dataset on 

pose statistics generated by numerical simulation. n=100 drop 

tests have been simulated (Sec. 3.B,C) with each of 1057 

random polyhedra (Sec. 3.A). The restitution coefficient of the 

impact model (Sec. 3.D) was first set to ρ=0.2. Then, the same 

was repeated with ρ=0.5 and 0.8. The simulations yield 3 

datasets each consisting of N simulated probabilities, where 

N=6665 is the total number of stable poses summed for the 

1057 objects. The probabilities are collected in three vectors: 

s0.2=[s1,0.2, s2,0.2, …, sN,0.2], s0.5=[s1,0.5, s2,0.5, …, sN,0.5] and 

s0.8=[s1,0.8, s2,0.8, …, sN,0.8], whereas the vector of all 3N 

probabilities is denoted by s. The comparison of s0.2 and s0.8 

sheds light on the effect of parameter  on pose statistics (Sec. 

5.A), and the whole dataset s is used to evaluate and to fit the 

estimators of pose statistics (Sec. 4). 

 The polyhedra of the dataset have 2 to 21 stable poses and 

the associated probabilities are in the range 0-0.75. There is no 

object with a unique stable pose in the dataset. 

Details of the object generation and the dynamic simulation 

are given below. The algorithm has been implemented under 

MATLAB R2010b. The run time of a single drop test on a PC 

(CPU: Intel Core2 2.5 GHz; OS: Microsoft Windows 7) is in 

the range of 0.2-5 sec. The execution time is low if the 

coefficient of restitution for impacts is low or if the stable 

facets are large. A video illustrating the simulation, a table of 

simulation results, and program codes are available as 

multimedia files. 

A. Random shapes  

Convex, random polyhedra are generated by the following 

algorithm:  

-  Random points are generated in 3-space. Each coordinate 

of each point is drawn from a normal distribution with 

mean 0 and variance 1; the number of points is 4+, where 

 is a random number from a geometric distribution with 

parameter 0.1.  

- The convex hull of the points (found by any standard 

method) provides the surface of the object. This is a 

convex polyhedron with triangular faces. In the actual 

dataset the number of vertices is in the range 4-23; the 

number of faces is between 4 and 42. The mass, the 

location of the center of mass, and the moment of inertia 

tensor of the object are calculated by assuming constant 

unit mass-density inside the polyhedron. 

- The object is resized to set the maximum of the r(u) 

function to 1.  

- To include objects representing inhomogeneous and/or 

concave parts, the center of mass is shifted by random 

numbers di (i=1,2,3) along the eigenvectors of the moment 

of inertia tensor. The variables di are drawn from uniform 

distributions over the intervals (-qi,qi) where qi are the 

corresponding radii of gyration of the object (i.e. qi
2 are the 

eigenvalues of the moment of inertia tensor divided by the 

mass of the object).  

B. State variables of the objects and initial conditions 

The motion of the objects is described in a Cartesian reference 

frame with axes x-y-z. The z axis points vertically upwards. 

The support surface is the z=0 horizontal plane. The dynamic 

state of a rigid body is determined by the vertical coordinate 

zO(t) of its centre of mass and its time derivative 
O

z (t); a 3 by 

3 rotation matrix R representing its orientation; and its 3 by 1 

angular velocity vector . The horizontal dynamics of O is 

trivial because all external forces acting on the object are 

vertical. Initially (t=0), the object is high above the surface 

relative to its size (zO(0)=20). The initial orientation is chosen 

randomly with uniform distribution using an algorithm from 

[38]; the initial velocity and angular velocity are zero. 

C. Continuous dynamics 

The moving polyhedron is in one of the following contact 

modes: free fall, sliding on a vertex, sliding on an edge (i.e. 2 

vertices), and sliding or resting on a face (i.e. 3 vertices). 

Accordingly, it is assumed that the ground exerts nonnegative, 
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vertical contact forces to k=0, 1, 2 or 3 vertices of the object, 

which are in contact with the ground. More than 3 contact 

points are also possible if an object has coplanar triangular 

faces, but this scenario does not occur for shapes obtained by 

taking the convex hull of random points. The Newton-Euler 

equations and k contact constraints are used to determine the k 

contact forces together with the resulting acceleration and 

angular acceleration of the object. This way, the continuous 

motion of the object is determined by integrating a system of 

first order, ordinary differential equation in the variables zO, 

OO
vz  , R,  (see Appendix A). 

The integration of the ODE is interrupted whenever an 

impact between the object and the surface is detected, or 

whenever one of the contact forces becomes negative. 

D. Impacts and Zeno points 

Single-vertex impacts are assumed to be frictionless (i.e. 

impact momenta are vertical) with Newtonian coefficient of 

restitution . The impact impulse, and the post-impact velocity 

of the object are determined uniquely by the linear and angular 

momentum laws and the coefficient of restitution. 

Simultaneous impacts at several vertices are not determined 

uniquely by these laws. I treat them as sequences of single-

vertex impacts. In each step, the vertex with the highest 

velocity pointing towards the underlying surface is assumed to 

undergo an impact. The modelling of simultaneous impacts is 

not possible without ad hoc rules such as the one described 

above [39]. It is assumed that pose statistics are not sensitive 

to this type of modelling error (see Sec. 1.C).  

Interacting rigid bodies establish permanent contacts via 

special events called ‘Zeno points’. Zeno points are 

accumulation points of infinitely many impacts of 

exponentially decreasing intensity [36]. For example, a 

partially elastic rigid ball bouncing vertically on a horizontal 

support plane comes to rest through a Zeno point. A naive 

simulation in which each impact is treated as an individual 

event can never pass a Zeno point [41]. To avoid this pitfall, 

the simulation code includes Zeno point detection (Appendix 

B).  

E. Termination 

The simulation is completed if a face of the object 

establishes contact with the surface. The object conserves its 0 

initial angular momentum about the z axis, hence face- contact 

implies immobility. 

4. ESTIMATORS OF POSE STATISTICS 

A. Measuring the quality of an estimator  

Let σ denote the root mean square deviation of two datasets 

of equal size N: 
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where ),( pe  measures the error of the estimator; ),( sp  

represents noise in the simulation results (due to the finiteness 

of n) and the last term C is the covariance of the two errors.   

The simulated probabilities are obtained by averaging 

results from a finite number (n) of simulated drop tests for 

each object. Thus, they are random numbers drawn from  

binomial distributions with n trials and probability parameters 

p1, p2,…p3N. (Some of these probabilities belong to different 

stable poses of the same object, i.e. they are dependent.) The 

value of ),( sp  can be estimated using the formula of the 

variance of binomially distributed random variables: 
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The equality marked by ‘≈’ is approximate due to the 

finiteness of N (though the error terms are neglected as N is 

much larger than n). As a further approximation, the unknown 

values pj in (3) are replaced by the known values sj, yielding 

),(
2

sp 0.0327.  

The term C in (2) is much smaller than ),(
2

sp  unless the 

estimator is overfitted to the noisy observations. (Extreme 

overfitting, i.e. ej=sj would yield C=2 ),(
2

sp .) Some 

estimators examined in this paper are based on physical 

intuition rather than curve fitting; others have a small set of 

parameters fitted to a relatively large set of data. Hence, 

overfitting can be excluded, and C is negligible. Thus the error 

of the estimator can be approximated by  

  2/122
0327.0),(),(  sepe   (4) 

This quantity is used to compare and to evaluate the 

estimators.  

If p was known, a graphical illustration of the partitioned 

noise term ),( sp could be obtained by drawing random 

numbers r1, r2,…r3N from binomial distributions with n=100 

trials and probability parameters p1, p2,…p3N; and by plotting 

them against the probability parameters. Unfortunately, p is 

unknown, but one can use the approximations s as input 

instead. The (ri, si) points are off-diagonal (Fig. 2) due to the 

finiteness of n. Later, several plots of estimated vs. simulated 

results will be shown (Fig. 4). The points in these plots are 

even more off-diagonal due to estimator errors. Fig. 2 can be 

interpreted as the plot of a ‘perfect estimator’, which predicts 

p without any error.      
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Fig. 2: Illustration of the noise caused by the finiteness of n (see main 

text for explanation)  

B. Existing estimators 

In one of the first papers on pose statistics, [24] proposed an 

estimator based on the extension and the depth of the potential 

energy valleys associated with the stable poses of an object 

(energy barrier method). The definition of the ‘energy barrier’ 

was given originally only for cylinders and square prisms. As 

it is not clear how to extend it to an arbitrary shape, this 

concept is not examined here.  

Another early work on the topic [27] hypothesized that the 

probability of resting on a face is roughly proportional to the 

centroid solid angle i of the face from the center of mass. 

This is motivated by the fact that in a uniformly distributed 

random pose, the probability that the centroid is above face i 

would be i/4. This estimator assigns positive probability to 

unstable faces, which can be corrected by assuming that the 

probabilities associated with unstable faces are 0, and those of 

stable faces are proportional to their centroid solid angles: 

 

facesstable

jii
e /  

(5) 

 This is referred to as centroid solid angle estimator or CSAE. 

A diagram of the CSAE analogous to Fig. 2 is plotted in Fig. 

4A. The latter point-cloud occupies a wide region around the 

main diagonal, which indicates a significant estimator error. 

The error of the CSEA calculated by (4) is 0.085. The surface 

area of faces can also be used as part pose estimator in a 

similar manner [24]. This estimator yields similar results to 

the CSAE with higher error (0.112). 

 References [28], [29], and other works of the same 

authors investigate the hypothesis that the probability of 

landing on a stable face is proportional to the ratio i/di where 

di is the distance of the face from the center of mass (angle-

distance ratio estimator or ADRE). The estimated probabilities 

are obtained by a formula analogous to (5). The error of the 

ADRE is 0.078, i.e. it is slightly better than the CSAE (Fig. 

4B). 

In [26], the CSAE is complemented by a physically inspired 

algorithm to distribute the probabilities associated with 

unstable faces among stable ones. The CSAE is used in [26] to 

estimate the initial probability of landing on a given face as 

the object is dropped. If the initial face is unstable, the object 

is assumed to topple over one of its three edges to an adjacent 

face quasi-statically. The toppling continues until a stable face 

is reached. A simple physically inspired rule is chosen to 

determine, which way the polyhedron topples. This model of 

toppling motion can be represented by an acyclic directed 

‘toppling graph’ (its vertices correspond to faces of the 

polyhedron, and its edges indicate the directions of toppling), 

on which the state of the object evolves. The initial probability 

distribution predicted by the CSAE is propagated along the 

graph towards stable states to obtain the quasi-static estimator 

(QSE, Fig. 4.C), which has a lower error (0.070) than the 

CSAE.  

By examining the experimental pose statistics of a few 

objects, several authors have noticed that the previously 

described estimators tend to underestimate the probabilities 

associated with large faces and overestimate the likelihood of 

landing on smaller ones. This tendency – also reflected by the 

nonlinear trends of the point clouds in Fig. 4.A-C – was 

attributed by [25] to the fact that an object resting on a small 

face is much more sensitive to perturbations than one resting 

on a large face. To address this issue, the QSE was modified 

in the following way [25]: the initial probabilities (coming 

from CSAE) were redistributed between each pair of adjacent 

faces according to a simple phenomenological rule that 

increased the initial probability associated with large faces. 

The modified initial probabilities were propagated down the 

toppling graph (as in the case of the QSE) to obtain the 

predictions of the perturbed quasi-static estimator (PQSE). 

The PQSE was tested against experiments and simulations 

with three specific objects. It was found to outperform the 

QSE, indeed its performance was comparable to that of direct 

numerical simulations. When applied to my set of random 

objects, this estimator assigns negative initial probabilities to 

some small faces, which is meaningless. In such situations, I 

reduce the amount of redistribution to keep the initial 

probabilities nonnegative. The predictions of the PQSE (Fig. 

4.D) lack the nonlinear trend of the CSAE however the 

estimator error remains roughly the same (0.072). 

C. Improving the performance of estimators by 

nonlinear fitting 

Inspired by the initial observations of [25], I examine a purely 

mathematical method to avoid the overestimation of 

probabilities associated with small faces. The results ej of the 

QSE estimator are used as basis. The parametric nonlinear 

function  

  
i

cxcxcxccxxxxf
3

3

2

210
)1()(  (6) 

is fitted to the points of Fig. 4.C to minimize the variance 

)),((
2

sef . The fitted values are c0=-0.874; c1=8.03; c2=-

16.3; c3=7.70. It is hypothesized that the probabilities of 

landing on various faces of a polyhedron are proportional to 

f(ej), leading to a formula similar to (5). The error of the new 

‘nonlinear quasi-static estimator’ (NQSE) is significantly 

lower (0.062) than any of the previous ones (Fig. 4.E).  
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D. EAE: a new estimator  

The philosophy behind the QSE estimator and its variants was 

to get rid of complex dynamics by considering a highly 

damped, quasi-static model of the moving object, and to 

derive estimations from the ‘tamed’ model. The new estimator 

presented here attempts to capture the statistical properties of 

the complex dynamics instead of neglecting it. The main idea 

of the estimator is illustrated by Fig. 3. 

Let E(t)=U(t)+K(t) denote the total mechanical energy, the 

potential energy, and the kinetic energy of the object. The 

reference level of the potential energy is the supporting 

surface. The object may not penetrate into the surface, 

yielding U(t)mgR(u(t)); at the same time, K(t) is 

nonnegative.  These inequalities imply  

R(u(t)) E(t) / (mg) (7) 

i.e. those poses for which R(u) exceeds a certain threshold, 

are not reachable by the object. The initial mechanical energy 

of the object is enough to make every pose reachable. 

However its motion is accompanied by energy absorption, 

which is assumed to happen either continuously or through 

small steps. The set of reachable poses shrinks gradually (Fig. 

3D-F). The topological changes of the reachable set have been 

investigated thoroughly in [34]. The next paragraph gives a 

brief description of these results. The function R has s local 

minima corresponding to the stable poses. Accordingly, there 

are s-1 energy levels at which the number of disconnected 

components of the reachable set increases by one. The 

splitting events occur at saddle points of the function R(u) (but 

not necessarily all saddles are involved in splitting events, see 

Fig. 3D). The fragmentation of the reachable set can be 

described by a ‘splitting graph’ (Fig. 3C) in which rectangular 

nodes represent connected components of the reachable set at 

various energy levels. Each node is labelled by the list of 

stable poses contained by that component. Pairs of edges 

represent splitting events, and their positions show the 

corresponding energy levels. Those energy levels, at which a 

component disappears, are marked by circle-shaped nodes at 

the bottom of the graph; however these values are not used by 

the estimator.  

The mechanical energy and the actual pose of the object 

together determine a node of the splitting graph. This node is 

referred to as the discrete state of the object. During its 

motion, the discrete state of the object changes from time to 

time. The Energy absorption estimator (EAE) is based on a 

phenomenological description of this process. A Markov chain 

is considered on the graph. The transition probabilities are 

assumed to depend on geometric properties of the examined 

object. Specifically, if a component Γi of the reachable set 

splits to two parts (Γia, Γib) at some energy level E*, the 

transition probabilities πia, πib are assumed to be proportional 

to the centroid solid angle of the two components at energy 

level E*: 

 

 )()(/)(

)()(/)(
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An algorithm to identify the connected components of the 

reachable set at the energy levels corresponding to saddles of 

R(u) is outlined in [34]. The complexity of this algorithm is 

linear in the number of vertices of the polyhedron. In the 

current work, I use a different one, which is sketched in [42].   

 
Fig. 3 A: front  (left) and rear (right) view of one of the polyhedra 

used in the simulation. Resting on any of the 5 enumerated faces 

corresponds to a stable pose. B: the stable poses of the polyhedron C: 

the splitting graph of the polyhedron with transition probabilities. 

There are four critical energy levels, at which the reachable set splits. 

According to (7), the critical energy levels are those at which a 

saddle point of the function R(u) leaves the reachable set. Circles 

represent the potential energy levels at which a component of the 

reachable set disappears. D-F: front (left) and rear (right) views of the 

sphere representing the space of poses, with level curves of the R(u) 

function. The black areas are the set of reachable poses at three 

energy levels (dashed lines in panel C). E1 is not critical because the 

reachable set remains connected, but E2 and E3 are critical. 



> T-ASE-2013-456< 

 

7 

Initially, the object’s discrete state corresponds to the node at 

the top of the graph with probability 1. Eq. (8)  is used to 

calculate the likelihood of reaching each other discrete state. 

Among these, the probabilities associated with the absorbing 

states at the bottom of the tree (each corresponding to one 

stable pose) are the predictions of the EAE estimator.  

The error of the estimator is 0.068. In comparison with 

previous results, this error level is not very impressive. 

Nevertheless, much better results are obtained if the function 

R is replaced by r in (7). Even though the author has no 

physical argument why such a modification should be 

beneficial, the error of the Modified energy absorption 

estimator (MEAE) is only 0.040 (Fig. 4.F). The algorithm of 

the MEAE estimator is described in Appendix C.   

The run time of a MATLAB-based implementation of the 

MEAE estimator is between 0.1 and 1.5 second depending on 

the complexity of the polyhedron. The run time of the EAE 

estimator is slightly higher. The code has not been optimized 

for speed. 

The computational complexities of the estimation 

algorithms are O(v) where v is the number of vertices 

(Appendix B, [42]). This is lower than the O(vlogv) 

complexity of finding the convex hull.  

E. Combining several estimators 

The NQSE and the MEAE estimators capture different aspect 

of the dynamics. It is likely that improved results can be 

obtained by combining them. Specifically, parameter c of the 

convex combination 

NQSEMEAEcombined
cc eee )1(   (9) 

has been tuned to minimize ),(
2

se
combined

 . The error of the 

combined estimator with c=0.75 shows further reduction 

(0.036). Linear and nonlinear combinations of more than 2 

estimators have also been examined, however they did not 

yield significantly better results. This is probably caused by 

the strong correlation of the predictions of different estimators.  

F. Outlier cases 

 Estimators produce exceptionally large errors in some 

cases.  The maximum deviations of various estimators from 

results obtained by simulation are summarized in Table I. The 

best performance is that of the new combined estimator. I also 

examined the 3 largest observed deviations of the combined 

estimator: 32.0% (facet 3 of object 354 of the dataset, =0.8); 

31.9% (facet 6; object 413; =0.2) and 29.5% (facet 7; object 

431; =0.5). The finiteness of n is partly responsible for these 

outlier cases. To separate this effect, 1000 drop tests (instead 

of 100) were simulated with these 3 particular objects. The 

errors of the estimator were reduced to 20.8%, 22.5% and 

17.6%. This result suggests that the combined estimator never 

or extremely rarely produces errors significantly exceeding 

20%.  

5. VERIFICATION OF THE RESULTS 

It is a crucial assumption of the paper that pose statistics are 

robust against modelling errors. The detailed discussion of this 

question is beyond the scope of the paper, but the plausibility 

of the assumption is illustrated by a systematic examination of 

the coefficient of restitution ρ and by a comparison of 

simulated results with experiments under various conditions. 

A. Sensitivity to the coefficient of restitution 

The deviation of the simulated datasets obtained with ρ=0.2 

and ρ=0.8 is 0.0728.),(
8.02.0

ss  This can be partitioned 

similarly to the techniques described in Sec. 4.A. The 

Biennaymé formula for the variance of sums of random 

variables; the connection between the raw moments and the 

central moments of a probability distribution; and the formula 

of the variance of a binomially distributed random variable 

yield 
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The unknown values pj, in (10) are replaced by the known 

values sj,, which lets one estimate the deviation of the 

unknown ‘exact’ datasets as  
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Hence, the effect of the coefficient of restitution on pose 

statistics is moderate (on average: 5.6%) despite the fact that 

the trajectory of an individual falling object can fundamentally 

change its character in response to variations of. This result 

confirms the robustness of pose statistics against modeling 

errors. 

B. Comparison with  experiments 

The pose statistics of square prisms of various length-to-width 

ratio have been investigated experimentally among others by 

[27] and [32]. Both works report on drop tests with hard and 

soft support surfaces. In [32], the surface is vibrated. The 

results of these experiments are summarized in Fig. 5. The 

predictions of various estimators and simulation results are 

also shown. 

 As already noted by [27], the quality of the support surface 

has significant influence on the experimental results. 

Depending on the length/width ratio, the effect of the surface 

type on the results is between 0 and 15%. This is comparable 

to the effect of the coefficient of restitution found in Sec. 5.A. 

 The simulation results agree well with experiments obtained 

with a hard surface, but they deviate significantly from the soft 

surface results. This observation suggests that the results of 

the paper do not apply very well to objects dropped onto soft 

surfaces, and further work using a different benchmark dataset 

is desirable in that case. 
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 Finally, comparison of the estimators reveals a somewhat 

surprising result. The combined estimator shows the best fit to 

the benchmark dataset, but it has relatively large errors (up to 

17% for some length/width ratios and surface types) in the 

case of square prisms. The ADRE and the EAE perform 

significantly better for this particular class of objects.  

6. CONCLUSIONS 

Systematic comparison and evaluation of existing 

estimators of pose statistics have been performed in the paper. 

It was found that the average errors of the estimators are 

between 7 and 11% (Table I).  Such an error level can be 

tolerated in some situations, but estimations based on direct 

numeric simulation are significantly more accurate (though 

not perfectly accurate as discussed in Sec. 1.C). The 

increasing availability of cheap computation makes simple 

estimators less attractive, nevertheless there are applications 

for which dynamic simulation is too slow. For this reason, 

estimators with low error rates are of practical interest. In the 

current paper, a new estimators has been proposed with 

average error 3.6% and maximum error near 20% (based on a 

large, random dataset).  

To measure the performance of the estimator, simulations 

with a frictionless model have been used as reference. The 

effect of modeling errors and the influence of experimental 

conditions on pose statistics have been tested in several ways. 

Large variations of the coefficient of restitution change the 

probabilities by 5.6% on average. According to earlier 

experiments with square prisms, the quality of the support 

surface has an effect of similar magnitude. On the one hand, 

these observations indicate that further significant reduction in 

estimator error is not possible without treating the coefficient 

of restitution and other parameters (e.g. friction coefficient) as 

known. This paper does not examine such extensions, because 

these parameters are often unknown in real-life situations. On 

the other hand, understanding the parameter-dependence of 

pose statistics requires further effort (e.g. the systematic 

variation of physical parameters in physical experiments or in 

simulations with a more detailed model). 

APPENDIX  

A. Equations of motion 

The ODE describing the continuous motion of the object 

consists of the following parts [42]: 

 

Newton’s law: 
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Euler’s rigid body eq.: 
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kinematic identity: 
OO

vz   (14) 

kinematic identity: RΩR   
(15) 

 

where g is the constant of gravity; m is the mass of the object 

and I is its moment of inertia tensor in local coordinates; Nj 

are the contact forces, k is the number of sliding contacts, and 

rj are the position vectors of the corresponding vertices in 

local coordinates; uz is an upward pointing vertical unit vector. 

 is the matrix corresponding to the  cross product 

operation (i.e. x=x for any x);  contains 0’s and the 

elements of . 

 The contact forces Nj are determined from the non-

penetration constraints zO+uz
TRrj=0. Substitution of (14), (15) 

into the second time derivative of this constraint yields  

  0
j

T

zO
v rΩΩΩRu   (16) 

Substituting (12), (13) into (16) yields a system of linear 

algebraic equations for the contact forces. 

B. Detecting Zeno points 

An approaching Zeno point is indicated by an impact event, at 

which the pre-impact vertical velocities of all vertices that are 

very close to the ground (the threshold 10-9 is used in the 

simulation), are either positive (moving upwards) or very 

close to zero (threshold: -10-5) and the sets of ‘slowly moving 

vertices’ is nonempty. If this situation is detected, I apply 

appropriately chosen instantaneous, vertical impulses at the set 

of slowly moving vertices, in order to change their vertical 

velocities to 0. The necessary impulses are determined 

uniquely by the linear and angular momentum laws. This 

impulse is an approximate replacement for the infinitely many 

small impacts leading to the Zeno point. After the impulse, the 

contact mode of the object switches to sliding on these 

vertices. 

C. Algorithm of the MEAE estimator 

The MEAE estimator performs the following steps: 

1: the stable faces are found by testing every face one by one. 

For specific formulas, see [34] [42]. Those nodes of the 

splitting graph, which are labelled by a single stable pose are 

drawn.   

2: the saddle points of r are found by testing every edge one 

by one. The edges with saddle points are l1,l2,…,lH and the 

critical values of r are r1r2,… rH.  

3: The distance of every edge (including those without saddle 

points) from the center of mass is determined. 

4: The following steps are repeated for every critical value ri, 

i=1,2,…,H. 

4A: a connectivity graph of faces is generated by testing every 

edge one by one. Two faces are connected if they share an 

edge, which is closer to the centre of mass than ri. 

TABLE I 
COMPARISON OF ESTIMATORS. 

                        name average error 

largest observed 

deviation from 

simulation 

existing 

estimators 

CSAE 8.5% 43.5% 

ADRE 7.8% 40.9% 

QSE 7.0% 45.8% 

PQSE 7.2% 42.5% 

new 
estimators 

NQSE 6.2% 44.9% 

EAE 6.8% 58.0% 

MEAE 4.0% 32.7% 

combined 3.6% 32.0% 
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4B: the connected components of the connectivity graph are 

found using a breadth-first traverse. 

4C: if the two faces adjacent to edge li are in different 

components (Γia  and Γib) of the connectivity graph, then a 

splitting event of the reachable set occurs at the examined 

saddle point. Accordingly, two edges and a node are added to 

the splitting graph. If not, the steps 4D-E are skipped.  

4D: for each face in the components Γia  and Γib, the centroid 

solid angles of the areas over which r(u)<ri, are determined 

(see Sec. 2D). The centroid solid angles are summed within 

each component to obtain (Γia)  and (Γib). 

4E: The transition probabilities associated with the splitting 

event are determined using (8). 

5: the probabilities found in step 4F are propagated down the 

complete splitting graph to obtain the estimation. 

A polyhedron with v vertices has O(v) edges and facets. 

Hence, the computational complexity of all steps is at most 

O(v). For almost all shapes, the number of stable poses and 

saddle points are only O(1), i.e. step 4 is repeated O(1) times. 

In sum, the complexity of the estimator is O(v).  
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Fig. 4: comparison of pose statistics estimators. Each plot corresponds to an estimator discussed in the paper. Each individual dot in the plots 

shows the probability of coming to rest in a specific stable pose of a random polyhedron based on 100 simulations (vertical coordinate) vs. the 

prediction of the same probability provided by the estimator (horizontal coordinate). Points close to the main diagonal are indicators of a better 

estimator. Nevertheless, deviations from the main diagonal are caused partly by other factors (Fig. 2, Sec. 4.A). The solid curve in panel C is a 

parametric function fitted to the data points, which is used in Sec. 4.C.  

 
 
Fig. 5: Comparison of various predictions and measurements of the pose statistics of square prisms. The four sides of the prisms are treated as 

identical, similarly to the two bases. The diagrams show the probabilities of landing on the sides. Continuous curves show the predictions of 

various estimators. Diamonds with error bars are simulation results with the model of this paper and their 95% confidence intervals. Squares 

and circles indicate experimental results of  [27] and [32]. Each point is based on 500 or more trials.  

 

 

 

 


