Exercises and Solutions S53

Solutions for Exercises in Chapter 4

4.1 A program is given in file problem_4_1.m.
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Figure S4.1.1 PDF of the input x with the pulse

Result of convolution
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Figure S4.1.2 Result of convolution

4.10 (a) The PDF consists of 5 Dirac delta functions at —2¢, —q, 0, g, 2¢g, with coeffi-
cients 1/32, 8/32, 14/32, 8/32, 1/32, respectively. The characteristic function is

32 32

(b) The moments of x can be calculated by noticing that the input is a sum of two
independent, uniformly distributed random variables in (—q, ¢). Therefore,

14 16 2
®d(u) = — + ——cos(qu) + 7 cos (2qu) . (S4.10.1)

E{x}=0

2
E{x?) =2%
E{x’}1=0
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S54 Solutions to Exercises in Chapter 4
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Figure S4.10.1 PDF of input

4 ¢ 4 q’ ’ 16 ,
E =—+4+—=—+4+6{=) =—q". S4.10.2
W=7 +5 +6{ 3 159 ( )
The moments of the quantized variable are determined from the discrete PDF:
E{(x)} =0
EIGY) =245 (29 + 254" = 2
32 4 4
E{(x)’}=0
1 1 3
E{(x)*) =2=Q¢)* +2-¢* = Z¢*. $4.10.3
(@) =2-29)"+2,9" =54 ( )

(¢) Since the input signal fulfils QT III/B (d(u) = sinc>(qu)), Sheppard’s first and
second corrections are fulfilled. Indeed,

1
Elx} =E((x)} -0, E{’} =E{()’} - 4

Because of the symmetry to zero, the third Sheppard correction is also exactly
fulfilled: E{x3} = E{(x")3} — 0.

Sheppard’s fourth correction is not fulfilled. R4 is not zero:

1
Ri=E{(x)) — (quﬁ{(x’)z} - lq“) _ElxY)

240
34 1,3, 7 4 16 4
=21 (2‘1 47 72407 ) T 151
= 2407
=0.0875. (S84.10.4)
The ratio of the error to the correction is:
Ry
— =0.253. (S84.10.5)
S4
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Exercises and Solutions S55

(d) A Monte Carlo experiment is executed in program problem_4_10.m.
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Figure S4.10.2 Histogram of simulated input

4.13 (a) The PDF consists of 5 Dirac delta functions at —2¢, —¢, 0, g, 2¢g, with coeffi-

cients
aAB 2AB 2AB 8aAB 2AB 140 AB 2AB 8aAB
32 + 8’ 4 + 32’ 4 + 32 4 + 32’
2A—B+aA—B (§4.13.1)
8 32°

respectively. The total probability is 2AB + aAB = 1.
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Figure S4.13.1 PDF of input

The characteristic function is
D)= (ﬁ + 14aAB) +2 (ﬁ + SaAB) cos (qu)

4 32 4 32
iy (ZAB aAB

8+32

) cos 2qu) . (84.13.2)
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S56 Solutions to Exercises in Chapter 4

(b) The moments of x have been calculated in Exercise 3.12:
E{x}=0

A? A?

E {xz} =24B- +aAB

6
E{x3}=0
4 A4 A4 A2\’
E{ }=2AB— AB (22 16 = §3.12.2
* 5 T 50 "o\ 12 ( )

The moments of the quantized variable are determined from the discrete PDF:

E{(x")}=0
2AB aAB 2AB 8aAB
E N2 :2 - 2 2 2 - 2
{(x)7} (8+32)(q)+(4+32)q
2AB3 24 AB3 2
= —_ o —_
54 14
E{(x")*}=0
2AB aAB 2AB 8aAB
E /4 :2 I 2 4 2 I 4
{(x")7") (8+32)(q)+<4+32)q
1 4 1 4
=2AB 4+§ q +aAB 1+§ q
:2AB§q +aAB§q } (54.13.3)

(¢) Since the input signal fulfils QT III/A, Sheppard’s first correction is fulfilled.
Indeed, E{x} = E{(x")} — 0.

The second correction is not valid:

Ry =E{(x")*} — $» — E{x%}

3 3 q° A? A?
=(aAB—4¢> +2AB=4¢4*) — == — | 2AB— + 0 AB—
(“ 6 T 8q) 12( 3 TeAbg
3 4 3 2 q°
=2AB|= - = )¢*+aAB|>—Z)¢* -+
(2 3)‘1 e (4 3)q 12
1 1 q°
=2AB-q> + aAB—q°> — =
67 TP T3
2
—24BL
12
~0.0556 (S4.13.4)

and this is not zero.
For o =1, Ry/S> = 0.67.

Because of the symmetry to zero, the third Sheppard correction is exactly ful-
filled: E{x3} = E{(x")3} —0=0.
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Exercises and Solutions S57

Sheppard’s fourth correction is not fulfilled, either: R4 # 0.
Re=E(()") — (50°EL6Y) - 50q") — Elx')
2 240
9 3
=24B-¢* +aAB=¢"
24 T eAByd

1 3 3 7
— —q2 (ZAB—q2 + aAB—q2) + —q4

2 2 4 240
A4 A? A2 g

—(24BZ 4 aAB (22 46 &=
5 T s0 "\ 12

9o 3 1\ ., 3003 1 1\ .4 T .4
—2AB( = - 2 ) At qaaB (2 - 2 ) aty Ly
2 64 5 32 128 40 24 240
132 14 7
=2AB——A*+aAB——A*+ —¢*
3840 T4 P3g00% T 2207
~0.415. (S4.13.5)

Fora =1, R4/S4 = 0.697.

(d) A Monte Carlo experiment is executed in program problem_4_13.m. A ran-
dom variable with “house” PDF can be simulated by unifying the set of Ny =
%N random samples, uniform in (£A), with Ny = QAZA%N random

samples, triangular in (£A).
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Figure S4.13.2 Histogram of simulated input

4.21 (a) We can easily extend the formulas to quantizers with the transfer characteristic
shifted along the ideal 45° line. If the size of the shift, as measured on the hori-
zontal axis, is s, the impulse carrier of Eq. (4.5) is slightly modified:

e¢]

c(x) 2 Z qgo(x —mq —s). (84.21.1)

m=—0oQ0
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Solutions to Exercises in Chapter 4

The shift in the exponent causes a phase shift in the CF of the quantized variable
with respect to Eq. (4.11):

D)= (0.0 sine( ) ( S ot H\y))

I=—00

o0
. Iy
= Z e IS @ (u 4 1) sinc (%) , (S4.21.2)

[=—00

Cf. Eq. (52.10.2) in the solution of Exercise 2.10. The CF of the quantized vari-
able at the output of a “shifted” quantizer is very similar to the one at the output of
a mid-tread quantizer. The central replica is identical, the other repetitions have
an additional phase shift. Therefore, all the quantizing theorems hold invariably,
independently of s.

(b) For a mid-riser quantizer, for which s = ¢/2, the extra factor is even simpler,
efjl‘Pq/Z — (—1)1.

(c) Equation (4.11) can be modified by the exponential terms due to the addition of

constant values:
o0

- . ' ) (u+1Y
(I)x/(u) — Jus Z e Ju+IY)s @, (u + W) sinc (QT)
[=—00
o0
; IR Y
= > e @ (u+1¥)sine (—q(”;r )) L (54213)

I=—00

(d) Input offset means that the mean value of the input is apparently increased by
Hoffs:
oo

. v
Ou()= > /U@ (u+1¥)sinc (%) . (S4.21.4)

I=—00
The difference from (S4.21.3) is that this is not corrected for on the quantized
side.

(e) This is basically the same problem, except that the sign of the exponent is the
opposite. For midrise quantization, this makes no difference.

Printed on April 9, 2008, for the book in preparation: B. Widrow, 1. Kolldr, ”Quantization Noise.” This
is the personal copy of Prof. Istvdn Kolldr. Please do not photocopy — request your own free copy
rather from the web page http://www.mit .bme.hu/books/quantization/.





